In this paper we describe a general procedure which yields inequalities satisfied by the zeros of a given function. The method requires the knowledge of a two-term approximation of the function with bound for the error term xJ (x). This function plays an important role in the asymptotic study of the stationary points of the solutions of certain differential equations.
Introduction
In 1952 Gatteschi [2] presented a general procedure to derive inequalities for the zeros of a function of the type
where (x), (x) and r(x) are defined in a given interval < x < . Here, we recall such procedure with the conditions for its validity. The method is based on the following:
Theorem 1. Let x denote a zero of f (x) lying in the interval < x < and let
then there exists at least one integer k such that 2) or better such that This theorem was applied [2, 3] to the kth zero j ,k of the Bessel function of the first kind J (x) assuming as f (x) the approximation given by the first two terms of the McMahon expansion [1, 4] with bound for the error term in the form given by Weber [5, pp. 210-212, 6] . The purpose of this paper is to apply the above procedure to deduce inequalities for the positive zeros of the function 
On the asymptotic approximation of the function W (x)
In order to apply the above results to the function W (x) we use the two-term asymptotic representation of the Bessel function J (x)
where, according to Hankel's notation,
For the remainder R (x) there exists the following inequality due to Weber [6, 5] :
where, at least for our purposes,
Now, using the formula for the derivative of J (x) in terms of J (x) and J −1 (x) we have
then we can write W (x) in the form
Next, we set
that is
So applying (2.1) we find
where the remainder (x) collects the terms that are O(1/x 3 ) as x → ∞ and satisfies the inequality
Taking into account (2.2) and (2.3) we give the bounds for the partial errors
and using the equalities
we deduce the following bound for the error term:
Now, by using symbolic calculation (Maple 8), we easily note that, fixed x, G is an increasing function of and that fixed , it decreases and tends to 1 for x → ∞. In order to simplify the evaluation of the remainder and to have a suitable value of G for x not so large to exclude too much zeros, we firstly consider the interval x 29. Next we will prove by direct evaluation that this assumption can be removed. So we assume = 
Zeros of W (x)
In order to apply the method of Gatteschi [2] to evaluate the zeros of F (x), we consider the asymptotic representation (2.4) in the form
where
and bound (2.6) for the remainder (x). According to Theorem 1, we set
and
We find that 1 + (x) > 1 and using symbolic calculation (Maple 8) that | (x)| < 1. Moreover, fixed , decreases → 0 for x → ∞. Fixed x, decreases to zero for → ± 1 2 and its value for x 29 is less than 0.7 · 10 −3 . So all the conditions of Theorem 1 are satisfied. We consider for (x) the upper bound
and as a consequence
Now applying the inequality (1.2) we find that the zeros i ,m of F (x), satisfy the inequality
To derive from the implicit inequality (3.3) an explicit representation for i ,m , noting that (3.3) has the form
we apply the following:
if c > 0 and z > 0, it follows that
For the proof we observe that (3.4) gives Table 1 .
